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DISTRIBUTION  OP  BRIGHTNESS  OVER  THE  DISK  OP  THE 

MOON 

V.  A.  Yezerskaya  and  V.  I.  Yezerskiy 
Astronomical  Observatory  of  Kharkov  University 

Photometric  Investigation  of  the  distribution  of  brightness  over 
the  disk  of  the  Moon  has  shown  that  along  the  planetocentric  meridians 
the  brightness  remains  constant  within  the  limit  of  error  and  along 
the  equator  the  intensity  of  brightness  Increases  continuously  from 
the  center  of  the  disk  to  the  limb.  On  the  basis  of  these  data  a 
functional  equation  is  found  for  the  function  expressing  brightness: 


The  basic  properties  of  the  reflection  of  light  from  the  surface 
of  the  Moon,  which  were  first  established  by  N.  P.  Barabashov  [l], 

N.  P.  Barabashov  and  A.  V.  Markov  [2,3],  as  13  well  known,  lead  to 
the  following  two  premises:  1)  any  portion  of  the  Moon's  surface 
regardless  of  its  position  on  the  disk  reaohes  maximum  brightness 
when  the  phase  angle  la  at  a  minimum  (a  <*  0°);  at  full  moon  the  sections 
having  the  same  albedo  also  have  the  same  brightness.  These  properties 
were  interpreted  [1,2,3]  as  the  result  of  pittedness  and  roughness  of 
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the  Moon's  surface. 

Subsequently  the  photometric  peculiarities  of  the  lunar  surface 
as  well  as  their  interpretation  have  been  studied  in  a  number  of  works 
[4-1J]  which  confirmed  and  developed  these  conclusions. 

The  results  of  photometric  investigation  of  the  lunar  surface  are 
usually  presented  as  the  dependence  of  the  brightness  of  various 
surface  areas  on  the  phase  angle  (phase  function  or  phase  curve)  as 
well  as  on  the  angle  of  incidence  and  angle  of  reflection. 

A  comparison  of  phase  curves  obtained  for  a  significant  number 
of  lunar  surface  areas  located  at  different  parts  indicates  that  the 
shape  of  the  phase  curve  is  determined  by  selenographic  longitude  and 
depends  very  little  on  selenographic  latitude.  This  property  is  inti¬ 
mately  associated  with  the  distribution  of  brightness  over  the  disk  of 
the  Moon.  This  article  deals  with  the  peculiarities  of  this  distribu¬ 
tion. 

First  of  all,  data  on  the  distribution  of  brightness  along  the 
central  meridian  of  the  Moon  for  different  phase  angles  was  obtained 
from  a  catalogue  [10].  For  this  purpose  details  were  selected  which 
have  selenographic  longitudes  X  **  0.  The  difference  in  details  with 
respect  to  albedo  was  considered  reduced  to  a  common  value  of  bright¬ 
ness  equal  to  unity  for  a  0° .  Roughly  considereing  that  for  each 
value  of  phase  angle  the  indicated  details  are  distributed  on  the  cen¬ 
tral  meridiem  relative  to  the  equator  of  intensity,  i.e.,  that  l  =  0°, 
we  obtained  final  data  on  the  distribution  of  brightness  along  the  cen¬ 
tral  meridiem  for  vemious  phase  angles  (Table  1). 

These  data  indicate  that  brightness  varies  little  along  the  central 
meridian  and,  taking  into  account  the  Inaccuracy  of  maintaining  neces¬ 
sary  conditions,  they  can  to  a  certain  approximation  be  considered 
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constant 


TABLE  1 
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In  order  to  study  this  peculiarity  more  completely,  photometric 
measurements  were  made  of  several  photographs  of  the  Moon  from  the 


serie?  obtained  at  the  Kharkov  Astronomical  Observatory  which  served 
for  the  compiling  the  catalogue  [10], 

Measurements  were  made  with  an  MF-4  microphotometer  without  the 
use  of  a  recording  attachment  and  consisted  of  the  following:  prints 
on  which  the  central  meridian  and  equator  of  intensity  were  drawn. were 
made  from  selected  photographs  of  the  Moon.  The  sections  subject  to 
photometry  were  marked  on  the  central  meridian  and  the  equator  of 
intensity.  Measurement  was  conducted  along  the  central  meridian  from 


the  center  northward  and  along  the  equator  of  intensity  from  the  center 
to  the  limb.  These  same  sections  were  also  marked  on  prints  obtained 
from  photographs  with  a  minimum  phase  angle  a  ■  1?5.  The  preliminary 
election  and  labeling  of  sections  marked  for  photometry  made  it 
possible  to  carry  out  guidance  and  photometric  reading  with  suffic'.- 
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accuracy.  The  determination  of  brightness  of  the  same  sections  at 
full  moon  made  it  possible  to  allow  for  the  difference  in  albedo  and 
to  obtain  data  on  the  distribution  of  brightness  both  along  the  central 
meridian  and  the  equator  of  intensity. 

Figure  1  shows  data  on  the  distribution  of  brightness  along  the 
central  meridian  based  on  the  measurement  of  photographs  with  phase 
angles  a  =  +50?2.  The  mean  square  deviation  of  brightness  shown  on 
this  graph  are  small  and  the  standard  deviation  was  only  a  =  +0.06. 

The  same  result  was  obtained  when  measuring  brightness  along  the  centra] 
meridian  on  a  photo  with  a  =  +42?0,  wherein  the  standard  deviation  was 
a  *  +0.03.  Measurements  were  also  made  on  the  same  photograph  along 
meridians  with  longitudes  l  =  27?0  and  4j5?0,  whose  positions  are  shown 
in  Fig.  2.  It  turned  out  that  in  all  cases  the  brightness  along  a 
meridian  remains  constait  within  the  limits  of  error. 
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Fig.  1.  Distribution  of  brightness  along  the  central 
meridian  of  the  disk  of  the  Moon  according  to  measure¬ 
ments  of  a  photograph  with  phase-angle  a  =  +50?2. 


Data  on  the  distribution  of  brightness  along  the  equator  of 
intensity  are  presented  in  Figs.  J>,  4,  and  5  where  the  brightness 
of  the  center  of  the  disk  is  taken  equal  to  unity. 
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Pig.  4.  Distribution  of 
brightness  along  the 
equator  of  intensity  for 
phase-angle  a  =  +50;2. 


In  all  cases  the  brightness 
increases  with  an  Increase  in 


distance  from  the  center  of  the  Pig.  5.  Distribution 

of  brightness  along  the 

disk  measured  by  angle  of  reflec-  equator  of  intensity 

for  phase-angle  a  *  +37°6. 

tion  e;  dependence  is  linear  with 
a  slope  which  increases  with  phase-angle. 

Naturally  the  question  arises  as  to  what  these  features  of  the 
distribution  of  brightness  over  the  disk  of  the  Moon  signify.  It  is 
easy  to  realize  that  they  are  in  fact  only  another  expression  of  earlier 
established  photometric  properties  of  the  lunar  surface,  but  in  additior 
they  may  prove  useful  for  indicatometric  measurements  and  for  theoret¬ 
ical  study  of  the  structure  of  the  microrelief  of  the  lunar  surface. 

First  let  us  examine  what  conclusions  follow  from  the  assumption 
that  brightness  maintains  a  constant  value  along  a  meridian. 


-6- 


From  the  well-known  relationships  between  the  angle  of  incici  -rue 

j.,  the  angle  of  reflection  e  and  the  planetocentrlc  coordinates  l, 

it  follows  that  the  relationship 

cos  i _ cos  (a  —  /) 

cos  t  cos l~ 

is  independent  of  ^  and  for  constant  values  of  a  and  l,  i.e.,  along 
some  meridian,  remains  constant. 

On  the  strength  of  this  the  brightness  may  be  represented  as  some 

cos  1 

function  of  the  argument  — — — •  ,  and  also  a,  i.e., 

cos  e 


First  of  all  let  us  direct  our  attention  to  the  fact  that  when 
a,  =  0°  and  i  =  e,  that  is  at  full  moon,  the  brightness,  as  was  estab¬ 
lished  earlier,  is  constant  over  the  entire  disk  (if  difference  due 
to  albedo  is  eliminated). 

Further,  for  the  equator  of  Intensity  l  »  e 

cos  i  cos  (a  —  /) 

- =  — 5 — ;— *•  =xos  a  -f  sln-tttn*- 

cos«  cos / 

and  consequently  when  a  is  constant  the  brightness  may  be  represented 
as  a  dependence  on  e  which  takes  place  when  determining  the  distribu¬ 
tion  of  brightness  along  the  equator  of  intensity. 

The  application  of  the  principle  of  optical  reciprocity  introduced 
into  photometry  by  Mlnnaert  [14]  makes  it  possible  to  obtain  a 
functional  equation  for  the  function  f  ,  a 

ness  may  be  represented  by  means  of  the  coefficient  of  brightness 
r(i,  e,  a),  and  illuminance 

B(l,  a)=»£#cosi  n(i,  e, 
fl(«.  i,  «)  =  £, cos*  r[%. 

'  \ cosi  ’  /* 


j .  In  fact,  bright 
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Since,  in  agreement  with  the  principle  of  optical  reciprocity 


Having  designated 


cos  i 
cos  e 


form 


f(i,  *,  =  f  (•>  it  *)» 


x,  we  obtain  a  functional  equation  in  the 


(i) 


The  resultant  condition,  as  msy  be  demonstrated,  allows  a  wide 
class  of  solutions. 

Supposing  a  =  const,  we  perform  the  substitution  x  -  e^j 


/(«')«  */(0 


/(O  /(«')' 


+00 


7W) 


=  V'(-y)*  i.e.,  condition  (1)  signifies  simply  that  the  function 
^  is  even. 

One  of  the  partial  solutions  of  equation  (l)  is  of  interest  since 
it  was  obtained  by  a  semi-empirical  method. 

Let  us  assume  that  f(x,a)  *  f^xJfgCa).  It  is  obvious  that  the 
•function  f^(x)  =  satisfies  condition  (l)  and,  finally,  the  bright¬ 

ness  may  be  represented  in  the  following  way 


B  (i,  «,  a) 


con 


cos  i  + cos 


-,/»(«). 


(2) 


This  expression  differs  from  the  formula  proposed  and  explained 
by  V.  G.  Pesgenkov  [15]  only  by  the  absence  of  a  multiplier  on  cos  e 
which,  nevertheless,  agrees  with  the  principle  of  optical  reciprocity. 

According  to  Pessenkov  the  physical  significance  of  the  mentioned 
formula  indicates  that  diffusion  takes  place  in  a  medium  which  is  a 
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porous  combination  of  coarse  inhomogeneities  capable  of  scattering 
light  mainly  in  the  reverse  direction  and  of  partially  shadowing  one 
another. 

Expression  (2)  is  only  one  of  the  possible  solutions  of  condition 

(l)  taking  into  account  that  brightness  is  constant  along  the  meridian  . 

Certain  features  of  the  functional  dependence  of  brightness  on 

■  cos  1 

the  specified  arguments  '  co's"~e  and  a  may  be  established  on  the  basis 
of  data  from  the  catalogue  [10].  For  this  reason  data  were  obtained 
from  the  catalogue  for  a  number  of  values  of  phase-angle  a  concerning 
the  dependence  of  brightness  on  ^  or  l  related  by  the  relationship 

CO'i 

— ry— cos  a 

tan  l^SBUZ _ 

sin  a 

It  was  demonstrated  that  the  dependence  of  brightness  on  l  in  the  first 
approximation  is  linear  and  may  be  presented  as 

U  =  kl°  +  b, 

where  the  parameters  k  and  t>  depend  on  phase-angle. 

The  values  of  the  parameters  k  and  _b  are  determined  by  the  method 
of  least  squares  on  the  basl3  of  data  for  50-40  sections.  Here  the 
brightness  corresponding  to  the  minimum  value  of  phase-angle  was  taken 
as  equal  to  unity. 

The  data  obtained  is  shown  in  Table  2  where  c(k)  and  o(b)  are  the 
standard  deviations  of  the  parameters  k  and  Jb  respectively. 

TABLE  2 


9 

1  MO*  | 

1 

•  (tMO* 

!  „ 

1 

•<») 

11  “.3 

0,329 

±0.074 

0  653 

±0.1C3 

17.G 

0,283 

0.038 

0.528 

0.054 

50,3 

0,290 

0,027 

0  288  1 

0.028 

72,0 

0,249 

0.019 

0.113 

0,014 

90,9 

0.194 

OW  1 

0046 

0.001 

102.9 

0,200 

0.025  | 

0,016  | 

0.012 

128°, 9 

0,289 

+0,058 

“0.114 

-f  0,038 
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From  this  data,  which  In  the  future  must  be  refined  by  averaging 
for  a  large  number  of  sections  and  their  selection  with  respect  to 
photometric  similarity.  It  follows  that  the  parameter  b  decreases 
monotonlcally  with  an  Increase  In  phase-angle.  It  represents  a  varia¬ 
tion  In  brightness  with  phase-angle  of  the  sections  located  on  the 
central  meridian.  As  for  the  parameter  k,  it  varies  relatively  little. 

If  the  brightness  of  the  center  of  the  disk  is  taken  equal  to 
one  then  the  gradient  of  distribution  of  brightness  amounts  to  k/b 
and  will  Increase,  as  Is  apparent  from  the  data  of  Table  2,  with  an 
Increase  in  phase-angle,  which  was  also  obtained  when  determining  the 
distribution  of  brightness  along  the  equator  of  intensity  by  means  of 
photometric  measurement . 
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